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Abstract— The objective of this work is to investigate on-line
optimization-based coordination strategies for robot teams to
efficiently accomplish a mission (e.g., reach a set of assigned
targets) while avoiding collisions. The multi-robot coordination
problem is addressed by solving an on-line receding-horizon
mixed-integer program to find some suitable inputs for the
vehicles. Simulations results verify the feasibility of our approach.

I. I NTRODUCTION
Over the last several years, there has been a great deal
of interest in developing cooperative mobile robots for applications such as search and rescue, homeland security, and
environmental monitoring to mention just a few. One of the
major driving factors behind this interest is the new robotic
applications originating from both the military and the civilian
domains. In these roles, tasks may be extremely difficult for a
single robot to accomplish. Thus, a system composed of teams
of cooperative robots is desirable because of its flexibility and
fault tolerance.
Several authors have addressed the coordination problem
of multiple unmanned vehicles using optimization techniques.
Contributions in this area include the work in [1], where
the focus is on autonomous vehicles performing distributed
sensing tasks. Decentralized optimization based control algorithms are developed in [2] to solve a variety of multi-robot
problems. Optimal motion planning is considered in [3], [4].
More recently, the use of model predictive control (MPC) or
receding-horizon control (RHC) [5], [6] is becoming popular
in the multi-robot system literature [7], [8], [9], [10], [11].
Generally, MPC algorithms rely on an optimization of a
predicted model response with respect to the plant input to
determine the best input changes for a given state. Either hard
constraints (that cannot be violated) or soft constraints (that
can be violated but with some penalty) can be incorporated
into the optimization, giving MPC a potential advantage over
passive state feedback control laws. However, there are possible disadvantages to MPC. In its traditional use for process
control, the primary disadvantage is often considered to be the
need for a good model of the plant. In robotics applications, the
foremost disadvantage may be the computational cost, which
is often negligible for slow-moving systems in the process
industry.

0-7803-8812-7/05/$20.00 ©2005 IEEE

Mixed integer linear programming (MILP) allows the encoding of logical rules, decisions and constraints into the
optimization problem [12]. This capability makes MILP an
attractive tool for solving a class of multi-vehicle coordination
problems. Maintaining a minimum inter-vehicle distance and
avoiding obstacles in the environment are common requirements in multi-robot systems [13], [14]. These are non-convex
constraints which make the coordination problem very difficult
to solve using optimization techniques. Fortunately, current
MILP solvers (e.g., CPLEX [15]) can handle non-convex
constraints reasonably well.
The main idea in this paper is to combine MPC and MILP
into an on-line optimization framework capable of solving
a class of coordination problems in multi-vehicle systems.
Specifically, we leverage the ability of MPC to incorporate
motion constraints and changes in mission objectives, as well
as the capability of MILP to solve optimization problems including logical possibly non-convex constraints that naturally
model the behavior of multiple robots interacting with each
other within a dynamic environment.
In [14], the integration of MPC and MILP has been experimentally demonstrated in trajectory generation and planning
for UAV coordination. In this paper however, we focus on
investigating the feasibility of MPC/MILP to solve coordination problems ranging from target assignment, to collision
and threat avoidance, to formation control. Most importantly,
the limitations of MPC/MILP and possible approaches to
overcome or at least alleviate these limitations are outlined
herein.

II. P RELIMINARIES
A. Model Predictive Control
Model predictive control (MPC) consists of solving an online finite horizon open-loop optimization problem using the
current state as the initial state for the plant. The solution to
the problem gives a sequence of control inputs for the entire
control horizon; however, only the first element of the optimal
input sequence is applied to the plant.

The plant is modeled as a discrete-time system
x(k + 1) = f (x(k), u(k))
y(k) = h(x(k))

linear inequality

u(k) ∈ U
x(k) ∈ X
where U and X represent input and state constraints, respectively. The goal of the controller is to drive the system to an
equilibrium point by minimizing the cost function (2) while
respecting the state and input constraints.
J(x, u) =

N
−1
X

c(x(i), u(i)) + C(x(k + N ))

f (x) ≤ M (1 − δ)

(1)

(8)

where M is an upper bound of f (x). The big M technique
is a powerful tool that allows to model systems that include
continuous dynamics and logical rules.
Unfortunately, the MILP approach is an NP-complete problem, which means that in the worst case, the solution time
grows exponentially with the size of the problem. Despite
this, algorithms that solve the problem in a reasonable time in
practice do exist.

(2)

III. P ROBLEM F ORMULATION

i=0

where u = {u(0), . . . , u(N − 1)}. Usually, to ensure stability
a terminal constraint is imposed.
x(k + N ) ∈ Xf ⊂ X

(3)

The optimization problem could be re-written as
PN (x) : min{JN (x, u)|u ∈ UN (x)}

(4)

u

where UN (x) is the set of feasible control inputs that satisfies
the constraints. The control input is given by
κN (x) := u(0; x)

(5)

Starting from the actual state x(k), the MPC algorithm
1) solves the optimal problem PN (x) finding the sequence
u,
2) applies the input u(0; x) to the system, and
3) repeats for x(k + 1).
For a more detailed discussion about MPC and its properties,
the reader is referred to [5].
B. Mixed Integer Linear Programming
The mixed integer linear programming (MILP) is used
as a tool to incorporate logical constraints in the problem
formulation as described in [12]. Let δi ∈ {0, 1} be a logical
variable such that if δi = 1(0) a statement Xi is true(false)
(an example of statement could be g(x) ≥ 0 or “task
accomplished”). Binary operators (e.g., AND, OR, NOT, and
implication) can be included in the formulation. For instance,
if we want statement X1 OR statement X2 to be true then
δ1 + δ2 ≥ 1

(6)

has to be included in the constraint set.
It is also required to establish relationships between the
continuous variables and the logical variables. In order to do
so, the well-known big M technique is used [16]. The big M
technique allows us to convert logical constraints into mixed
integer linear inequalities. For instance, let us consider the
following implication
δ = 1 → f (x) ≤ 0

In this work, we consider the robots would navigate in
an environment that consists of static obstacles and moving
threats. It is assumed that robots are capable of estimating the
velocity of the moving threats. Both obstacles and threats are
represented by convex linear sets, more formally
µ ¶
x
OX ≤ r
X=
(9)
y
where O is an R × 2 matrix with R the number of linear
constraints needed to define an obstacle/threat. A moving
threat is described by the same kind of inequality (9) with
r being a time dependent vector.
For the sake of simplicity, the problem is formulated with
the presence of one static obstacle and one moving threat;
however, it could be easily extended to multiple static obstacles
and multiple moving threats as shown in the simulation results.
Two different missions are considered:
1) A target assignment problem: There is a set of known
targets that must be reached by the robots. In this case,
it is assumed that the number of robots NR and the
number of targets NT are the same.
2) Go to a region: In this case, all the robots have to
reach a defined region. The target region is protected
by moving obstacles (i.e., threats) that the robots have
to avoid. Again, the target region is described by a set
of inequalities as in (9).
It is also assumed that there is a lower level controller in the
hierarchy that handles all the nonlinearities in the dynamics of
the robots. For this reason, each robot is modeled as a point
mass i.e., ẍ = u 1 . The discretized model becomes
X(k + 1) = AX(k) + BU(k)

(10)

with
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(7)

as a constraint. Then it becomes the following mixed integer

1 This

assumption is quite common in the current multi-robot literature
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x(k)
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X(k) = 
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U(k) =

·

ux (k)
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In this section, we investigate the problem of generating
trajectories for a robot formation that reach a target zone
while minimizing energy consumption, and avoiding obstacles
and inter-vehicle collisions. This can be formulated as an
MPC/MILP optimization problem:
min

NR
T X
X

[zxj (k) + zyj (k)]

(13)
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Fig. 1: Three robots moving towards given targets while
avoiding static obstacles.

k=1 j=1

subject to
Xj (k + 1) = AXj (k) + BUj (k)
∀j = 1, . . . , NR

∀k = 0, . . . , T − 1.

(14)

implement collision avoidance are:
µ
¶
xi (k) − xj (k)
CA
≤ sd
yi (k) − yj (k)

Equation (14) describes the dynamics of the robots;
zxj (k) ≥ uxj (k)
zxj (k) ≥ −uxj (k).

∀i = 1, . . . , NR ; j = i + 1, . . . ,NR ; k = 1, . . . , T

(16)

represents the input bounds;
k
op1 xj (k) + op2 yj (k) ≤ rp ⇒ ωpj
=1

∀p = 1, . . . , R; ∀j = 1, . . . , NR ; ∀k = 1, . . . , T ;
R
X

(19)

τpij (k) ≤ 3

p=1

(15)

The auxiliary variable zxj in (15) is used to implement the
absolute value of uxj . There are analogous equations for uyj ;
|ux,y | ≤ Umax ,

4
X

(17)

where the 2 × 4 matrix CA and the vector sd define a safety
zone around the robot. τpij is an auxiliary binary variable
which is 1, if the p-th inequality in the first equation in (19)
is satisfied.
The following set of equations implements the target assignment constraint:
Xj (T ) − XTl = 0

⇔

τjl = 1

∀j = 1, . . . , NR ; l = 1, . . . , NT
k
ωpj
≤R−1

p=1

(18)

∀j = 1, . . . , NR ; ∀k = 1, . . . , T ;
are the equations used for obstacle and threat avoidance. Let
us consider the j-th robot at the k-th sample time. Equation
k
(17) drives the binary auxiliary variable ωpj
to 1 if the p-th
constraint that describes the obstacle is satisfied by the position
coordinates of the robot j at time k. The robot is inside the
obstacle if all the R constraints that describe the obstacle are
satisfied. The constraint in (18) imposes that the coordinates of
the robot violate at least one of the constraints that describe the
obstacle. This ensures that the robot stays outside the obstacle.
The collision avoidance constraint can be implemented in a
similar way. Specifically, a square safety zone around a robot
is defined. Other robots will see this safety zone as a moving
obstacle that has to be avoided. The set of equations that

(20)

NR
X

τjl = 1

l = 1, . . . , NT

(21)

NT
X

τjl = 1

j = 1, . . . , NR

(22)

j=1

l=1

Equation (20) will set the auxiliary binary variable τjl to 1, if
robot j reaches target l at the end of the prediction horizon.
Additionally, equation (21) ensures that each target is assigned
to only one robot, while equation (22) insures that each robot
is assigned to only one target.
µ
¶
xj (T )
OT
≤ rT
(23)
yj (T )
Notice that equation (23) implements an alternative assignment
behavior. In this case, robots are not required to reach a
specific target. Rather the robots’ objective is to reach a zone
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the energy and avoiding collisions. However, the MPC/MILP
has to be modified because a feasible solution will not exist
when targets are inside obstacles. To overcome this problem,
the target assignment constraint is converted from a hard
constraint into a soft constraint. Thus, when a target is inside
an obstacle, no robot is assigned to that target. To transform
the target assignment constraint from a hard constraint to a soft
constraint, equations (21) and (22) are modified as follows:
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Fig. 2: Three robots moving towards a target region while
avoiding obstacles and moving threats.

where ζ and ξ are auxiliary continuous variables. The original
constraint is violated if the auxiliary variable is not zero. The
cost function has to be modified to add a penalty in case the
constraint is violated. Thus, the new cost function becomes
min

in the environment. Hence, OT and rT define a target zone.
Finally, all the constraints are transformed into mixed integer
linear inequalities using the big M technique.
IV. C ASE S TUDIES
The formulation presented in the previous section was
implemented using Matlab. We used ILOG’s CPLEX 9.0 to
solve the MILP. The interface available in [17] was used
to run CPLEX from Matlab. First, we consider the case in
which three robots have to reach three targets while avoiding
obstacles and minimizing the energy. The simulation results
are depicted in Figure 1. Notice that there is not a preassignment of targets. The assignment is determined onthe-fly by the MPC/MILP algorithm. Since the problem is
solved using a discrete-time model of the system, continuous
trajectories may pass through obstacle corners. This problem
is easily eliminated by slightly enlarging the obstacles. This
is a common practice in planning methods in order to account
for the physical dimensions of the robots.
Now, let us assume that a team of robots have to reach a
protected target zone (c.f., RoboFlag in [13]). As before, robots
have to navigate towards the target zone while minimizing
the energy and avoiding collisions. In addition, robots should
avoid moving threats that are protecting the target region. This
scenario was motivated by [18]. The results obtained running
the second simulation are shown in Figure 2. As it can be seen
in Figure 3, robots are able to avoid the moving threats and
successfully reach the target zone.
A possible extension of the first case is to have moving
targets instead of static targets. This kind of scenario would be
suitable to implement formation control. In formation control,
robots are to navigate maintaining a formation shape. Suppose
there are reference trajectories that pass through obstacles.
It is possible to use the above target assignment framework
such that the robots follow moving targets while minimizing

NR
T X
X

k=1 j=1

[zxj (k) + zyj (k)] + W1

NT
X

ζi + W2

i=1

NR
X

ξj (25)

j=1

where W1 and W2 are positive large numbers that penalize
the violation of the constraint. The result of the simulation of
this case study is reported in Figure 4(a) and Figure 4(b).
Figure 4(a) depicts robots starting from some initial conditions and following a set of moving targets. Time-varying
targets might represent a desired formation shape. Figure 4(b),
on the other hand, shows robots starting from the same initial
conditions but with an obstacle in the path of a target. Notice
that the algorithm executes target assignment on-the-fly.
V. C OMPLEXITY ANALYSIS
The solution of the MILP is based on the branch and
bound algorithm. The basic idea of the branch and bound
algorithm is to relax the binary constraints and solve the
equivalent linear problem. If the solution of the linear problem
is integer feasible, then this solution is also the solution of
the MILP. If the solution is not integer feasible, one of the
binary variables δi that is not integer is taken and two new
problems are formulated: (1) adding the constraint δi = 0,
and (2) with the constraint δi = 1. This procedure generates a
binary tree where each node corresponds to a formulation of
a particular linear problem. Once an integer feasible solution
is found, the bound phase helps in speeding up the search
of the optimal solution. For a more detailed overview of the
branch and bound algorithm see [16]. It should be clear from
the previous discussion that in the worst case, the number of
linear problems that have to be solved grow exponentially with
the number of binary variables present in the MILP.
An analysis of the number of binary variables needed to
implement each constraint can help in predicting the difficulty
of the problem. In the above formulation constraints are
defined by: the equations of motion of the robots (14); the
limits on the inputs (16), the implementation of the absolute
value of the input (15), and the go-to-region behavior (23).
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Fig. 3: Robots are able to avoid moving obstacles and reach the goal zone.
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Fig. 4: Formation control using moving targets.

All these constraints do not have binary variables, and so
do not affect much the complexity of the problem. However,
other constraints such as obstacle avoidance (17)- (18), collision avoidance (19), and target assignment (20), (21), and
(22), contain binary variables. These last group of constraints
strongly affect the time required for achieving a solution of
the problem. In particular, for the obstacle avoidance if Ri is
the number of equations required to define the obstacle and
No is the number
obstacles, the number of binary variables
Pof
No
Ri , where NR and T are the number of
needed is NR T i=1
robots and the control horizon, respectively.
Furthermore, to implement the target assignment behavior,
seven binary variables for each possible pair {robot, target}
are necessary. The total number of binary variables for target assignment is P
7NR NT . Finally, for collision avoidance
NR −2
4T ((NR − 1)2 − j=1
j) are required. Suppose a given
mission consists of 5 robots, 3 rectangular obstacles, collision
avoidance, go-to-region type of task, and a control horizon
of 20 steps, then 2000 binary variables are required. For this
configuration, each optimization problem is solved with an
average time of 4.37 s. It has been noted that the time required
for obtaining a solution is also related to the instance of
the problem. For example, for the same configuration with 7
robots starting from some initial conditions 89 s. are needed,
while from some other initial conditions, the time required
can grow up to 1065 s. This is due to the bounding phase of
the branch and bound algorithm that in some cases is much
more efficient that in others. Finding a way to initialize the
tree search such that the bounding phase is accelerated is in
our research agenda.
VI. C ONCLUSIONS
In this paper, we investigate on-line optimization-based
strategies to coordinate a team of robots. The robots are
engaged in target assignment missions within a dynamic
environment. Several case studies are used to demonstrate the
feasibility of combining MPC and MILP to solve a class of
multi-vehicle coordination problems.
In our future work, we plan to investigate reformulating
the MILP portion of our control problem as a quadratically
constrained quadratic program (QCQP) and solving through
convex approximation techniques. An inherent problem with
modeling obstacles as exclusion regions is the creation of
voids in the feasible set. As a consequence, the resulting
problem formulation will not be convex. Most of the literature
on solving QCQPs centers on the special case where the
constraint functions are convex. However, there are convex
relaxations of the original optimization problem that provide
useful bounds on the feasible solutions [19], [20]. The cost
of this relaxation is that the optimal value returned for the
relaxed formulation may differ from the true optimum by
an arbitrary duality gap. However, the MILP solution itself
provides no guarantees regarding optimality. An advantage of
employing convex relaxations is that these can be formulated
as semidefinite programs (SDP), and we can take advantage
of the efficient solution schemes developed for this class of

problems. We plan to compare the two approaches in terms of
performance and computational efficiency in the near future.
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